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- Agenda

= Relations:
» Crossproducts, powersets, and relations

= Lattices:
= Partial-Orders, least-upper-bound, and lattices

= Monotone Functions:
= Monotone Functions and Transfer Functions

= Fixed Points:
= Fixed Points and Solving Recursive Equations

= Putting it all together...:

= Example revisited
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- Quick recap:

X Y.
) 1,1] € ENV,
AE . ElX 1] int = 1; : :
: ] (1, L
5. (1, 1]
E.E t = 3; .
A y = 3] O 11,3
’o [1, 3]
i
O
[1.,3) [173] 1,3]

ME . E[x— E(X) ® 2] | x = x+2; C{x <> y; AE . Elx > E(y),
: L] = y = E(X)]
[3’3j\.[3’7—] 3,1]

“top” T ~ “could be anything” . O .
TET S . |
==

‘bottom™ | ~ “we haven't analyzed yet’
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- Example: Least upper bound:':

= Analyses use 'LI’ to combine information
(at confluence points):.

0 + pety=l N, U x=0y=1

N I
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Lattice
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Simplification: if we restrict to
- finite height lattices (which
I- I—attl ce are the ones used in practice);
then 'Y’ only has to exist for
each pair of elements (i.e., not

m A Lattice Is a Partial Orde for all subsets of elements)

..where 'US’ exists for all subsets S c L
mWe must be able 10
combine \nformat\on




- Power-Lattices

s Powerset Lattices (as Hasse Diagrams):
= P({x,y}) = { 2, {x}, {y}, {x,y} }

m ...ordered under'C’' =" C "’ (I.e., subset inclusion):

?({x,y}) ?({a,b,c}) P({x+1, y*2})

-----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

E s EsEEEsEEEEEEEEEEEEEEEsEEEEEEEEEEEEEEEEEEEEEEEEsEEEEEEEEEEEEEd ThNsEEEEEEEEEEEsEEEEEEEEEEEEEEESEESEEsEEEEEEEEEEsEEsEEEEEEEEE PEEsEESEESEESEEEEEESEESEEEEEAEESEESEESEEEEEEEEEEEEsEEEsEEEsEEEssEnEnst
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- Agenda

= Relations:
= Crossprod

= Monotone Functions:

= Monotone Functions and Transfer Functions

= Fixed Points:
= Fixed Points and Solving Recursive Equations

= Putting it all together...:

= Example revisited
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- Transfer Functions

m Constant Transfer functions:

g 7N\, ] .
Analysing  frue AV £() = 4t b = true;

value-of-'b’ :
S / transfer function 4, l

ﬂ

S o
N -
Analysing | - + £0) =8 x=17;
: : + l

Q
sign-of-'x’ i \ \ / transfer function
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- Transfer Functions

m Unary Transfer functions:

Analysing :{
value-of-'b":

------------------------------------------------

Analysmg
sign-of-'x’

Claus Brabrand, UFPE, Brazil
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Tl)= { ol
s 4 As L.

transfer function

Exercise:
what's this
transfer
function?

1) =

transfer function
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- Transfer Functions

m Blnary Transfer functions:

Analysing :{ m
value-of-'b’;

------------------------------------------------

Analysmg
sign-of-"x
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transfer function

Exercise:
what's this
transfer
function?

tra}]sfer function
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(let's just
assume
drue 'c' is false)

éib=b&&c

e

(let's just
assume
'n'is 7)

[12] Aug 09, 2010



Environments

Runtime: Var — Val
Analysis: Var —» £ (l.e., abstract values)
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- We need Transfer Functions =
on Environments! —

m Say lattice L analyses "constantness” T

: o
of one single value: el

= We need environments for analyzing:

s (tracking both V' and 'w’): ENV = (7= vk W = T) l

w=v * v;

ENV’ = (V =Fesdrd (v = Fomin) l

= i.e. we need lattice 'L x L o !

" it Xt
LxL ~ {Xy}>L||LVM*R ~ VAR>L| { ! =
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- Crossproduct Lattice —

m Environment Lattjce:
m'L xL"

o,
i (ontal X AR W

............................................

NB: if L is a lattice, e L
then L x L is always
a lattice
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- Exercise

m Calculate crossproduct lattice:
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- Transfer Functions
on Environment Lattices————

m Constant Transfer functions: Xy

E{“*‘-* i é*“*’-' i“‘“ LE . E[X =4ne] x = true;

ENV transfer function

Lo (o, T |

--------------------------------------------------------------------------

n m

° PN ? + AE . E[n =+] n=717,;
\ \ / \ \ / ENV transfer function (+ Q ) l
: - : : A H )

Claus Brabrand, UFPE, Brazil DATA-FLOW ANALYSIS [17] Aug 09, 2010



|_

Transfer Functions
on Environment Lattices———

m Unary Transfer functions:

Claus Brabrand, UFPE, Brazil

....................................

LE . E[x = £,,(E(Y))]

ENV transfer function

EXERCISE:
(what's the transfer func?)

\E . E[n = £_(E(m))]

ENV transfer function

DATA-FLOW ANALYSIS

es—

o
(Fctde) |

x = ly;

({nm,‘ip.l,;,q.) l

m

4 |

n =

(=, +) l

n
(T
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- Transfer Functions
on Environment Lattices————

= Bmary Transfer functions: Xy

B T T s (Ame Solse ) l
E{mb iwx E{m. iw AE . E[X = E(X)@L E(y)] X = X && y;
: N \ ENV transfer function (Lakse , Tulkse) l

-------------------------------------------------------------------------

n m

5 ° 2o Y- * ALE . E[x = E(n) &, E(m)] n =n+m;
\ \ / \ \ / ENVtransferfunthion (T , + ) l
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Monotonicity

Monotone Transfer Functions
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- Monotone Functions

= Monotone function |£ : L » L|(on a lattice L):
mYx,yel: XCBy = f(X)E f(y)

m Note:

= this Is not saying that '£’ is ascending: Dﬁl/f;f(/xl

m Examples:

3 I e e
£() =4me| | H(0)= {m i iqm - o % | ...onlattice: e /““Wg
L f.i- LR | 7 P
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I Monotone Func’s (cont’'d) —

_ Monotonicity:

= More Examples: vxyel: XCy = f(x)C f(y)
" | AE . E[x =tme] ) D
/T\ /T\
m | AE . E[x=£,,(E(Y))] % ...on lattice: g*m /““ X *"*‘*\ /‘“*"‘
i N
| \E . E[X — E(X) @L E(y)] ) I

= Exercise: e —

m Check monotonicity of '£' below:
N

=1) £(X) = {a,b} |
...on lattice: | (a- oy e Led
m2) £(X) = X U {a}
> e(fabe) i N\ |
= 3) £(X) = {a,b} \ X = 2fab,c} .*_l_
" 4) £(X) = X° ) e
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. and relations

powersets

-bound, and lattices
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- Agenda
s Relations

S
e

t all together...

INg |
= Example revisited

= Fixed Points and Solving Recursive Equations

m Fixed Points
m Putt
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- Fixed-Points

= A fixed-point for a function | £ :

m...ISan element |[fe L
msuchthat: |/ = £([)

= Example:

m Function: | £(X) = X U {c}
= ...over ?({a,b,c})

= '£' has many fixed-points:

m {c} < LEAST fixed point (d >< W g
= {a,c} \\
... )
. . g=1
= {a,b,c} Infact, anything thatincludes'e §{  °" |
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- Another Example =

I
I

..............................

Recursive equations: fixed- fixed- fixed-
N point! point! point!
fx=1 (a)
byd
fx=x+1 (C)

(o TN o TN o p )
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- Fixed-Point Theorem! —

L > L

m |f:

m ' is a monotone function: | £ :

= ...over a lattice L (with finite height):
= [hen:

m T Is guaranteed to have a unique least fixed-point
= ...which is computable as:

o [ Fix(£) =

£ (L)

proof is quite simple
(cf. Notes, P13 top]

m Intuition: L c (L) C £(£(L)) C ..untilequality
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- Now you can...

= NOow you can...

= Solve ANY recursive equations

(involving monotone functions over lattices):
mx = f(x,y,2)
=y = g(x,y,2)
mz = h(x,y,2z)

= Which means that you can solve any
recursive data-flow analysis equation! :-)
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- Agenda

= Relations
m Crossproducts and relations

= Lattices
= Partial-Orders, least-upper-bound, and lattices

= Monotone Functions
= Monotone Functions and Transfer Functions
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m Putting It aII together...:

= Example revisited
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- All you need is...:

Given program:

need 3 things:

int x = 1; : O 1, 1
int y = 3; LE . E[X — 1] £t§= 1; T
if (...) | [ ] l 3 [ L, L.
X = x+2; AME.Ely— 3 itx= ; . -
} else { N
X <->y; [J_,J_]
}
print(x,y);
E [, 1] (L7 1] [LJJ
E[X — E(X) ® 2] =x+2 L] x<>yr
L ‘L]\[J_ g,

‘top” T ~ “could be anything”

//’/l\\\

-3 -2 -1

\\\I///’

‘bottom™ | ~ “we haven't analyzed yet’

print(x,y) ;

Claus Brabrand, UFPE, Brazil
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e ENV,

LE . E[x — E(y),
y = E(X)]
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- Solve Equations :-)

= One big lattice:
= E.g., (LIVARI)IPP)

= 1 big abstract value vector:

m [ ] [, ], ..., [ ] e (LIVAR)IPPI

= 1 big transfer function:
mF: (|_|VAR|)|PP| RN (L|VAR|)|PP|

U

[[L. ] [ LIS

[[+ L] [ L <1

x Compute fixed-point (simply):
= Start with bottom value vector ( L varyes )
m [terate transfer function ‘F’ (until nothing changes)

= Done; print out (or use) solution
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- Agenda

= Relations
» Crossproducts, powersets, and relations

m Lattices

= Partial-Orders, least-upper-bound, and lattices

= Monotone Functions
= Monotone Functions and Transfer Functions
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m Putting it all together...:

= Example revisited
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- The Entire Process :-) @

Program: 1. Control-flow graph: 5. Solve rec. equations...

T°(__L) Tl(__L) Tz(__L) T3<__L) T4(..L) TS(__L)

e
(]
I

X = x+1;
} while (..);

outEut X,

% X

&
=

I
nirmm

Il
lr

I
mETmm

3. Recursive equations:

Ir
INIOd QEXId ISYET

(( I o o T o N

S

£ _,(a)
bpyd

\_/
outBut X;

Vs

2. Transfer functrons T

T((a,b,c,d,e))

= ( -Llfx=0 (a) /b Ud,fx=x+1(c) Id)

..over a "big”
power Iattlce




- Exercise:

= Repeat this process for program (of two vars):

m|*7 ; / N
y =
. / \ / \
while (vow) { ...using lattice: -
x <-> y; \l /
Y
y = y+1;

m |.e., determine...:
= 1) Control-flow graph
= 2) Transfer functions
= 3) Recursive equations
= 4) One "big” transfer function
= 5) Solve recursive equations :-)
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- Now, please: 3’ recap

s Please spend 3' on thinking about and writing down
the main ideas and points from the lecture — now!:

FIGURE 2.5. THE VALUE OF REHEARSAL FOLLOWING A LECTURE.

60 |-

40

20 i

Percentage Recalled

—e |mmediately

After 1 day

After 1 week
After 2 weeks

| | l I

_T After 3 weeks

20 30 40 50 60
Days from Lecture

Source: Adapted from Bassey (1968).




