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Abstract forl; = Nil andl; = Cons (h,t) with the induction hypothesis

We present a pair of reasoning principlegfinition and proof that the equation holds far

by rigid induction, which can be seen as proper generalizations . >imilarly, we can prove thateverse is an involution. We start
of lazy-datatype induction to monadic effects other than partial- by proving, by induction ot that

ity. We further show how these principles can be integrated into reverse (rev I l3) =rev I I 1)
logical-relations arguments, and obtain as a particular instance a hich D — I Nil) —
general and principled proof that the success-stream and failure- 70 Whichreverse (reverse ) = reverse (rev I Nil) =
continuation models of backtracking are equivalent. As another ap- TV ¥il [ =1

plication, we present a monadic model of general search trees, not
necessarily traversed depth-first. The results are applicable to both
lazy and eager languages, and we emphasize this by presentin
most examples in both Haskell and SML.

Consider now the analogous definitions in Haskell, where lists
an be partial and/or infinite. The principle of “lazy-list induction”
Reade 1989, Section 8.5) says that that when reasoning about lazy
lists, one must consider, in addition to the proper constructors, the

Categories and Subject DescriptorsD.1.1 [Programming Tech-  case of an undefined value, usually writferor L.
nique$: Applicative (functional) programming; F.3.5gmantics For associativity of append, the extra case- L goes through
of Programming LanguaggsDenotational semantics easily, with both sides equal tb; but for Equation (1) with; = L

andl, = Cons 0 Nil, we get
General Terms Languages, Theory

) ) ) ) reverse (rev 1 (Cons O Nil)) =reverse |l =1
Keywords monads, recursive types, equational reasoning, logical # Cons 0 L =rev (Cons 0 Nil) L

relations, abstract effects, streams, backtracking
which is just as well, sinceeverse is evidently not an involution

; on infinite lists.
1. I_ntrOdUCtlon ) The problem with infinite lists is actually a bit subtler than just
Consider the SML type of lists: checking thel-case: For example, the predicate
datatype ’a list = Nil | Cons of ’a * ’a list P(l) & 3n:: Int.takenl =1

Although this is an instance of a general recursive data type, we holds for all finite (evenL-terminated) lists, but still not for infinite
frequently think of it as an inductive, set-theoretic definition. We ones. Domain-theoretically, the problem is that this predicate is
can then define functions on lists by structural induction: not chain-completeknowing that it holds for all elements in an
ascending chain does not guarantee that it holds of the supremum
of the chain. We say that a predica®is admissibleif P(L) and

P is chain-complete. We then have

fun append Nil 1 =1
| append (Cons (h,t)) 1 = Cons h (append t 1)

fun rev Nil 1 =1 Theorem 1.1 (informal). Let P be an admissible predicate on the
| rev (Cons (h,t)) 1 = rev t (Cons (h,1)) typeLlist 7. If P(Nil), andVh,t. P(t) = P(Cons h t), then
fun reverse 1 = rev 1 Nil vi. P(1).
We can also reason about such functions by structural induction on  (Note that the conditio®(_L) is part of the definition of admis-
their arguments. For example, to verify thaipend is associative, sibility, rather than another pseudo-constructor case; this view will
i.e., that for all list-typed valuek, I5, andis, prove useful later, when we consider effects other than divergence.)

Fortunately, we rarely need to verify admissibility by explicit
appeal to its definition. It is fairly easy to see that if ternande;
we use the clauses of the function definition as valid equational with free variables, y1, . . ., v, are strictinz, then the predicate
axioms, and proceed by induction over checking the equation

append (append 1 l2) l3 = append l; (append Iz [3),

P(x) & Yyi,...,yn-€1 = €2

is admissible. This codifies three important properties of admissi-
ble predicates: (1) equality (i.e., the diagonal predicate onr)
is admissible; (2) inverse images by strict functions of admissible
predicates are admissible; and (3) arbitrary intersections (conjunc-
tions) of admissible predicates are admissible.

Further, an easy way to see that a function is strict in an argu-
ment is when it induces on that argument. Indeed, the problem with

[Copyright notice will appear here once ‘preprint’ option is removed.] (1) was that the induction on the right-hand side was ndt on
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Consider finally the generalization to streams, where produc-
ing the next stream elementdns or Nil) may involve arbitrary
computation, including but not limited to 1/0. We can still easily
define amppend function for such streams, but can we be sure it

A cpo D ispointed(i.e., has a least elemeit) precisely when
it can be extended to an algebra for the lifting monad, by a structure
~v: D1 —D. One easily sees that thjanust be unique if it exists at
all. In the alternative formulatior® determines thsetrict extension

remains associative, even in the presence of effects embedded in thef a functionf : A— DtoAl.l® f: AL — D.

streams? Equally importantly, can we (once the proper framework
is in place) show it with effort comparable to proving the original
append associative, i.e., merely verify the two constructor cases,
and check that the associativity equation is built up in a way that
admits the induction principle?

In the remainder of the paper we present such a framework,

based on a category-theoretical generalization of strictness: the

notion ofmonad-algebra morphismehich we callrigid functions
Strict functions are then precisely those that are rigid with respect to
the lifting monad. We show how an associated induction principle
allows us to bothdefinerigid functions on streams and similar
data types, angbrove properties about them. We consider both
the domain-theoretic foundations, and how they are reflected in
reasoning about ML and Haskell programs.

As an application of the setup, we show how to relate several

models of backtracking search, based on solution streams, suc-
cess/failure continuations, and decision trees. In particular, we gen-

eralize the main result of Wand and Vaillancourt (2004), which re-

lates the former two models in the special case where the underly-

ing effect is just partiality.

2. Equational reasoning
2.1 Domain-theoretic foundations

We develop the basic results in the setting of the cate§oxky of
w-cpos and (total) continuous functions. Let us briefly recall some
standard definitions:

Definition 2.1. A monadis a tripleT = (T, 7, x), whereT maps
cpostocpos,ang: A—TAandx: TAx (A—TB)—TB
are function families satisfying

naxf = fa 2
txn =t 3
(txf)xg =tx(Af-faxg). 4

An alternative presentation defines a monad as a ttifle, 1)
whereT is an endofunctor, anglandy are natural transformations
satisfying a few additional equations. The two formulations are
equivalentT'(f) = M.t x (no f), u = At.t % id; and conversely,
txf = poT(f). Thelifting monadtakesT*A = A, ,n" a = |a],
Lt f=1,and|a] " f = f(a).

Definition 2.2. A monad morphisnfrom (T, n, %) to (T',n’,*")
is a family of functions : TA — T A, satisfying

t(na) = n'a (%)

L(txf) = ttx (tof). (6)

Monad morphisms can be used to moutelusionor lifting of
behaviors from one monad to a more general one.

Definition 2.3. An algebrafor a functorF is a pair(X, ), where

~v: FX — X is called thestructureof the algebra. An algebra for
a monad(T', n, ) must also satisfy a few equations, relatingo

n andx. For readability, it is often convenient to say instead that
a monad algebra is a pal? = (D, ®), where the function family
®: TA x (A— D) — D satisfies equations similar to those for

na®f = fa 7
txfl®g =t®(Na.fa®g). (8)

Again the formulations are equivalent: we can takg) =
t®idp, and conversely® f = v(tx (Aa.n(f a))) = v(T(f)(1)).

N

Proposition 2.4. There are canonical ways to construct algebras
for a monad(T', n, x):

e For any cpo A(T A, %) is thefree algebran A.

e For algebrasD; = (D, ®;) and Dy = (D2, ®,) we form the
product algebrd); % Da = (D x D2, ®,) wheret ®, f =
(t @1 (w10 f),t @ (m20f)).

e For any cpoB and algebraD = (D, ®), we form thefunc-
tion algebraB = D = ([B — D], ®_,), wheret ®_, f
Ab.t ® (Aa. f ab).

Definition 2.5. An algebra morphisror rigid function between
T-algebrag D, ®) and(D’, ®') is a functionh : D— D’ satisfying
that, for all cposA,t € TA,andf : A — D,

ht®f)=t® (hof).
We writeh : (D, ®) — (D', ®") when this is the case.

WhenT is lifting, a rigid function is precisely one that is strict,
i.e. satisfies thali(Lp) = L p-. Such functions may be moved in-
side an evaluation-forcing construct. In general, rigid functions can
be thought of as those that perform their arguments’ computations
before any other.

9)

Proposition 2.6. The following are valid principles for construct-
ing rigid functions:

1.id: D — D;andif f : Dy — Dy andg : D2 — Ds, then
go f: Dy — Ds.

Forany(D,®)andf : A—=D, .t® f : (TA, %) — (D, ®).
mi + D1 X Dy — Dy; and if eachf; : D — D;, then
)\d (fl(d), fz(d)) : D —0 D1 >~< DQ.

For eachb € B, A\g.gb : (B = D) — D;andif f : D' —
(B — D) satisfies that for each € B, Ad'. f(d')b: D' — D,
thenf : D' — (B = D).

We also say that a function of multiple arguments is rigid in one
of them, when it is rigid (in the original sense) for all values of the
other arguments. (A function can be rigid in more than one of its
arguments, iff” is a commutative monad, such as lifting, read-only
state, or complexity.) By Prop. 2.6(4), this is equivalent to requiring
that the corresponding curried function into the function algebra is
rigid.

Depending on the specific mondd there may be additional
principles for constructing rigid functions. For example, in a monad
modeling idempotent effects (such as divergericd, = A,),
the computation-duplicating functiokt.t x Aa.t x Aa’.n(a,a’) :

TA — T(A x A) is rigid; and in one modeling discardable ef-
fects (such as read-only staté A = S — A), the function
At.tx Aa.n() : TA — T1 is rigid. The more functions that are
rigid, the stronger the equational reasoning principles we shall ob-
tain in the following.

Finally, there is a close relationship between monad algebras
and monad morphisms:

Proposition 2.7. Let T = (T,n,%) and T’ = (T",n',*’) be
monads. If for every, (T A, &) is a T’-algebra, and for every
f i A—>TB Mtxf : (TA&),) — (TB,®3), then, =
At'.t' @) n: T"A — TAis amonad morphism. In this situation,
we say that the mona# is layered ovefl”.

2.
3.

4.

Proof. Straightforward calculation, using the monad-morphism
and monad-algebra laws. O
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2.2 Reasoning about programs
2.2.1 Metalanguage

To properly give the semantics @i-types, we actually need
functorial actionsof all type constructors, which fo*-types
can be derived fromy® andx°. Once this scaffolding is removed,

To get a coherent account of reasoning about both SML and Haskellhowever, the above set of equations remains.

programs with computational effects, it is convenient to concep-

We also take[l'] = [],cqomrIL(x)]; then forT = M : T,

tually express both languages in terms of a common computa- e define[M] : [T'] — [r] as usual. We take complete programs

tional metalanguage. In this way, we abstract from concrete syn-

to be closed terms afbservableype, typically excluding function

tax, as well as from the differences between lazy/strict evaluation, spaces and some effect types. When the sdtaskeffects only

classes/modules, and monad-parameterization/effect-refinement.
Our metalanguage, a slightly simplified variant of the Multi-
Monadic MetalLanguage L (Filinski 2007), is essentially the

monadic metalanguage of Moggi (1991), extended with the FPC-

contains partiality, the proof of computational adequacy, i.e., that

the denotation of a complete program agrees with that program'’s
observable operational behavior, is also standard (Fiore and Plotkin
1994); the extensions to most other common base effects are also

style general recursive types (Fiore and Plotkin 1994), and a little strajghtforward. (We will coveprogrammer-definedffects in Sec-

syntactic support for talking about algebras for a collection of mon-
ads. Its types are parameterized over a seffett names:

Tio=1l|lmxn|ntn|lpr|alo
o u=T7T|7—>0]|01X02

o-types are calledomputationgland will denote monad algebras.

Note that most conventional base types are definable in the meta

language, e.gNat = pa.l + a.

tion 3.) As a standard consequence of adequacy and composition-
ality of the semantics, we have thg¥/] = [M’] guarantees that
M andM’ are observationally indistinguishable.

2.2.2 Embedding functional programming languages

The terms are parameterized over a set of potentially polymor- A substantial fragment of core SML can be straightforwardly em-

phic constantg, which must be type-instantiated at each use:
M =z |cr| ()| (M, M) | fst(M) | snd(M) | inl(M)
| inr(M) | case(M,z1.M1,x2.M2) | inga.r M
| outpa..M | Xz™.M | Mi Ms | ux®.M | val*M
| let®x < M;.M,
The typing relationI’ = M : 7, is defined in the obvious way.
Note that term-level recursiopx? .M, is only allowed at-types.
We will occasionally omit the type tags, and use a straightforward
pattern-matching notation fdst andsnd.

We write e < o when o is a product or function space
of T*°-types, in which case we can definegeneralized let
glet © <= M. M», allowing M : o, by induction orv:
let®z < M. M-

Aa”.glet: z < My. Mz a

gletf‘reT x <= M. My
glet? x< M. M,
glet’ x <= My. Ms

o1 X0o2

(glet,, x < M. fst(Ms),glet; = < M;.snd(Mz))

This corresponds to the-formulation of a monad algebra; equiva-
lently, we can define a term famigglue;, : T“oc—o corresponding
to the. As noted in Def. 2.3, they are interdefinable:

glet! x < M. M, glue! (let®z < M;.val® Mo)
= AT glet'x = t.x

glue;

For the denotational semantics of typesflatap type variables
in A = {a1,...,a,} to cpos, and for every effect namg let
T° = (T, 7%, %) be amonad layered over lifting. Then to every
with free type variables if\, we associate a cffo]s; and to every
o with e < o, aT*-algebra]c]5:

[afo = 60(c)
[1o = 1=H{0}
[[T1 X TQ]]@ = [[ﬁ]]e X [[721]0
[r1+ 7)o = [ri]e + [2]e
[ele = D where(D,®) = [o]5
[atlo = pX.[rlojax) = {da.rm|m € [rluc.7/a]]o}
[T7]5 = (T°[]e, x")
[o1 x o2]s = [01]6 % [o2]5
[r—ols = [r]e = [o]s

bedded in the metalanguage. However, to obtain stronger reasoning
principles, the conceptual embeddifig- ) of types and terms is
expressed for an effect-annotated source language, where a func-
tion type written asr; ->(*e*) 7 in the code is translated as
{m) — T°{r=). Unannotated function arrows ->7» (only al-
lowed whenr; is itself a well-formed function type, or a product

of such types) are translated as simpty ) — (2. Terms of such

type must bemanifestly purdunctions.

The embedding of Haskell is a bit more problematical. The
translation of any Haskell type should be-dype over the partiality
effect (i.e., a pointed type), which for sum types is ensured by
adding an extra liftingl'" around their translations. However, to
ensure that, e.g., the syntactic state monad does indeed denote a
proper monad, we require tlyeconversion law to be valid; and this
is not the case for full Haskell, when observations of termination at
functional types are allowed (at the top level, or usirg). We
shall disallow such observations, allowing us to consider a slightly
“stricter”, PCF-like semantics of the resulting Haskell fragment,
where meanings of function types are not further lifted.

For expressing monads and algebras in Haskell and ML, we de-
fine some basic infrastructure in Figures 1-2. The Haskell class def-
initions of monads, algebras, and layering are straightforward tran-
scriptions of the mathematical/metalanguage constructions. Note,
however, that we cannot add the free algebra as a class instance;
instead, we will need to add it explicitly for every type isomorphic
(by newtype) to the free algebra.

In ML, monad layering is expressed somewhat differently. First,
lacking the overloading notation, it is more convenient to work
with the glue- rather than thglet-formulation of algebras. Also,
monad-transformer definitions are not explicitly parameterized
over the base effect; rather, all effects are considered as subeffects
of the language’s native notion of effects. This is particularly use-
ful when the native effect isniversal as in the SML/NJ dialect,
whose first-class continuations allow any syntactically definable
monadic effect to be so embedded. Such an imperative realization
of monadic effects in shown in Figure 3, adapted from Filinski
(1999) for the case of a single layer of defined effects. Briefly,
reflect converts atransparent monadic-type representation of
an effect into itopaque imperative counterpart, whikeeify con-
verts an imperative computation back to a pure data type. We use
this implementation for concrete programming examples, but we
stress that it is not essential: absent a native-embedding facility,
one can also write client programs explicitly in monadic style, like
in Haskell.
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--class Monad m where signature RMONAD = sig

-- return :: a ->m a include MONAD
-—— (>=) ::ma->(a->mb) ->mbdb val reflect : ’a t —->(*tx) ’a
val reify : (unit ->(xt¥) ’a) -> ’a t
class (Monad m) => MonAlg m b where end;
(>>>=) ::ma->(a->b) >b
functor Represent (M : MONAD) : RMONAD =
--overlaps with others struct
--instance (Monad m) => MonAlg m (m a) where open M SMLofNJ.Cont
= (>>>=) = (>>=) val mk : exn M.t cont option ref = ref NONE
instance (Monad m, MonAlg m d) => MonAlg m (z -> d) where fun abort x = let val SOME k = !mk in throw k x end

t >>>=f =\z >t >>= \a > f az
fun reset t

instance (Monad m, MonAlg m di, MonAlg m d2) => let val m = !'mk
MonAlg m (d1,d2) where val r = callcc (fn k =>
t >>>=f = (t >>>= (fst . f), t >>>= (snd . £)) (mk := SOME k; abort (t ())))
in mk := m; r end

class (Monad m, Monad (t m)) => MonadT m t where
lift :: ma ->tma fun shift h =
callcc (fn k =>
abort (h (fn v => reset (fn () => throw k v))))

Figure 1. Monads and algebras in Haskell
fun reflect m =
shift (fn k =>

M.bind (m, fn a => M.glue (fn () => k a)))

type ’d glue = (unit ->(xm*) °d) -> ’d

signature MONAD = sig
type ’a t
val unit : ’a -> ’a t
val bind : ’a t * (’a -> ’b t) -> b t
val glue : ’a t glue

fun reify t =
let exception D of ’a
in M.glue (fn O =>
M.bind (reset (fn () => M.unit (D (¢ ()))),

end; fn (D d) => M.unit d))
= - end
fun gluem t = fn O =>t O O end;
fun glue_f (g: ’t glue): (Pa -> ’t) glue =
fnt=>fna=>g ({n O =>t 0 a Figure 3. Monadic reflection in SML/NJ (condensed)
fun glue_p (gl:’tl glue, g2:°t2 glue): (°tl * ’t2) glue = B
fnt => (gl (#1 o t), g2 (#2 o t)) Definition 2.8. Let T' = (T,n,*) be a monad layered over the
lifting monad, and letF : Cpo — Cpo be a locally continuous
Figure 2. Monads and algebras in SML functor. AminimalT-invariant for F' is a cpoI’C' together with an
isomorphismi : F(T'C) — C satisfying that
2.3 Minimal invariance fix(Ag"C"TC . T(io F(g) 0i™ ")) = idrc . (10)
Consider an SML data type of effectful streams: (The least fixed-point is well-defined sin€&' is pointed whenever

T is layered over the lifting monad.)
datatype ’a stream_ =

Nil In the example with effectful streams, takeX =1 + A x X.
| Cons of ’a * ’a stream If (T'C, 1) is a minimalT-invariant for ', thenC' = F(TC) =
withtype ’a stream = unit ->(*e*) ’a stream_ 1+ AxTC and hencd€'C =2 T(1+AxTC). Thereforel'C satis-

fies the domain equation for effectful streams above. Furthermore,

Streams of type'a stream are effectful since functions of type  the minimal invariance condition (10) is that the SML function
unit -> ’a stream.can perform computational effects, includ-  gjven by

ing divergence, when called. Suppose that these underlying effects

are modeled by a mondtl = (T',n,*). Then, in order to give a fun £ s ()
domain-theoretic model of the type stream, we need for each = (case s ()
cpo A, a cpoStr(A) such that of Nil => (fn () => Nil)
| Cons (a, s’)
Str(A) 2 T(1+ A x Str(A)). = (fn () => Cons (a, £ s))) O

In other words, we need to solve a (covariant) domain equation. A yenqtes the domain-theoretic identity function on streams. Intu-
solution is given by the interpretation of the open metalanguage jtively, this is an extensionality property: an effectful stream is com-
type T*(pa.1 + ao x T a) when T is interpreted asl” an pletely characterized by what happens if you try to access its ele-

ao is interpreted asd. But in order to prove properties about  mentg numbet, 2, .. . . That is why effectful streams are amenable
elements ofStr(A) by induction, it is not enough to know that i, 4 variant of structural induction.

Str(A) is anysolution to the domain equation above. The standard One can show that for all’ and F as in Definition 2.8. a

methods for solving domain equations, including the one used {0 inima| 7-invariant for F* exists. We do not need that general fact.
interpret our metalanguage, produce solutions that also satlsfyaso-m the next section we will, however, see that interpretations of

calledminimal invariancecondition, and this condition gives rise certain metalanguage types are minirfalnvariants for suitable
to general induction and co-induction principles (Pitts 1996). In ¢ 1 tors.

this article we investigate consequences of minimal invariance for
solutions of covariant domain equations involving monads, such as
the one for effectful streams above.

Remark.n categorical terms, Definition 2.8 is equivalent to saying
thatT'C is an initial “F-and4™-algebra inCpo (see Section 2.6).
Based on that observation, a categorical formulation of the induc-
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tion principle shown in Section 2.5 can be developed and proved from pCpo® to pCpo. The functorial action of uc.8']f is then

in a relatively straightforward way. Indeed, the induction principle the least fixed-poing of a certain operator on partial functions;
is a variant of the one presented by Lehmann and Smyth (1981, we need the fact thaf is actually the unique fixed-point of that
Section 5.2) and by Crole and Pitts (1992): instead of considering operator. This can be shown using the minimal-invariant property

F-algebras we considér-and-algebras.

2.4 Effectful data types

Theeffectful data typesonsist of the following subset of metalan-
guage types:

5:::1|61X52|51+62|T85|ua.5|a

Notice that such types contain no function arrows. Consequently,

all occurrences of type variables are strictly positive.

of the domainua.6']s and the associated isomorphism.

One then shows that the result of applyifi” to total func-
tions ¢ is itself a total function]d]* (%) = f for some (unique)
function f. Now define[§]?(p) as the unique functiorf such
that [0]" () = f. The desired equations fds]*(y) then fol-
low directly from the definition of[§]* and from the uniqueness
property for [ua.6']" mentioned above. Similarly, functoriality
and compositionality ofs] follow from the analogous properties

We aim towards deriving induction principles for data types of Of [6]". O

the formT* (ua.6[T°a/a]). As an example, the type
Str(ao) = T (pa.l + ap x T¢a)

of effectful streams has that form, taking= 1 + ao X a.
For the purpose of deriving induction principles for effectful

Spelling out the fact thafis]¢ is a functor, we have
[81% (ide) = idgs),
[81° (1 0 02) = [8]" (1) © [8] " (2) -

data types, an important fact is that each effectful data type gives Recall that we aim towards deriving induction principles for data

rise to a functor. For example, consider the type 1 x «. For any
cpo A, let F(A) = [0]jaa) =1 x A Ifnow f : 43 — Asisa

types of the formil'* (ua.6[T°«/«]). To that end we need to know
that the interpretation of such a type is a miniri&kinvariant for

continuous function, then we can in a natural way define a function @ certain functo, derived from the typé.

F(f) = [6]%(lo— f]) : F(A1) — F(A2) by F(f)(u,a1) =
(u, f(a1)).

More generally, fod containingn free type variables we define
a functor[5]® of n arguments. First, a few definitions. For a finite
set of type variabled\, let [A] be the set of maps from variables in
A to cpos. Furthermore, fat, 6 € [A], the notationy : 6 — 6
means thap is a map from variables ik to continuous functions
such thatp(a) : (o) — 6’(«) for all a in A. The identity map
ido : 0 — 0 hasidg(a) = idg(.) for all a, and forp; : 6 — 6’
andys : 0 — 0", the compositionps o @1 : § — 0 is defined
pointwise.

Proposition 2.9. Let 6,6’ € [A] andy : § — ¢'. For every
effectful data type with free type variables in\, there exists a
functor [6]¢ : Cpo™ — Cpo with [§]%(#) = [5]e and such that

[e](¢) = ¢(a)
[1]%(¢) = id:
[6:1 % 62]%() = A(da, d2). ([61]" (19) da, [62]" () d2)
a, inl (dq). inl ([0:1]4(¢) d1)
[61 + 62]°(¢) = Ad. case d of { inr (d3). inx ([2]%(0) da) }

[T°6) (0) = T*([8]" () = A" V. tx 2. ([8] % (p) @)
[1e.6']%(¢) = h  whereh is the unique function satisfying
h= a5 0[] (plo— h) 0 b7 -
Furthermore,[§] is compositional in the following sense:
[61[62/]15 = [61151a151)
[6:162/]1 () = [6:]" (sl = [82] ()] -

Proof sketchNotice that[5]¢ () cannot be defined by a simple
induction ond, since it is not clear that there exists a (unique)
function satisfying the requirement §na.5'] () above. Instead,
the existence ofs]® must be argued directly from properties of
the functors[7]" in Filinski (2007, Fig. 6) used to construct the
interpretations of types in the first place.

Some notation: LepCpo be the Kleisli category o€po with

Let in the followingd be a data type with free type variables in

AU{a}. Foreachd € [A] we define a (one-argument) functbiy

by “partially applying[4]¢ to 6” such that onlyx varies:

Lemma 2.10. Let® € [A]. ThenF}, : Cpo — Cpo defined by
Fo(X) = [0]o[a—x]
Fy(f) = [8]" (ido[x — f1)

is a functor.

Proof. Immediate from the fact thg6]¢ is a functor. O

For example, in the case for streams we havedhatl +ag x a
and henceA = {ao}. For every fixed cpa4, the lemma above
gives a functorF5* = F5* such thatF§" (X) = 1+ A x X,

[ap—A4]
andforf : X —Y, the functionf5" (f) : 1+ Ax X -1+ AXY
is given by

str _ . inl () 1nl()
F3"(f) (m) = case m of { int (a, ). inr (a, f(2)) [ (11)

The interpretation of the typ®°(ua.d[T°a/al) with respect
to 6 is a minimalT*-invariant for Fy:

Lemma 2.11. Let 60 = pa.d[T°a/ql, let C = [do]e, and
leti : [6[T°0o/a]]e — [do]e be the associated isomorphism.
Furthermore, letFy be as in Lemma 2.10. Thefi™*C, 1) is a
minimal T¢-invariant for Fy.

Proof. Let g be any fixed-point of the function
AgTeCﬁTEC.Te(i o Fe(g) ° i_l) )

We show thaty = idrec. Defineh = i o Fg(g) o i t. Then
T°(h) = g by the fixed-point property of. Now observe that

Fy(g) = [8]" (ids[a — g]) = [6]° (ido[orr— T (R)])
= [8[Ta/a]])" (ido[a+— h])
by compositionality of5]¢. But then
h =io [6[T°a/a]]* (ide[or — h]) 0 i *
satisfies the defining property piic.6[T*«/a]]% (ide). Hence by

respect to the lifting monad (equivalently, the category of cpos and uniqueness, and by the fact thpta.5[T“a/a]]¢ is a functor,

partial continuous functions). For a total functigh: A — B, let
f=ntof:A— B, beitsinclusion irpCpo.

Since all type variable occurrencesimre strictly positive, one
can show that the functdp]’ is essentially aovariant functor

h = [pa.6[Ta/a]]4(ide) = idc. Finally, sinceT™ is a functor,
g=T¢h)=T°(idc) = idrec. O

Returning to the example with effectful streams, @&t =
|LLLO¢.1 —+ ap X Tea]][ao._}A], andlet: : 14+ A x T°Ca — Cy
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be the associated isomorphism. Then define

SII’(A) = [[Stl’ (Ozo)]][aoHA] = TECA .
The lemma above gives thé$ur(A), ) is a minimalT*-invariant
for F5™. In the metalanguage, we can define texmi : Str(ao)
andvcons : ag X Str(ag) — Str(ao) by
val®inua.14+agxTea(inl(())
Ap.val®inga.14aoxTea(inr(p)).

Taking vnil = [vnil]o,— 4] andvcons = [vcons]q,. 4], We get
vnil € Str(A) andvcons € A x Str(A) — Str(A) such that

vnil = n°(i(inl()))
veons(a, s) = n°(i(inr(a, s)) .

vnil =

vcons =

2.5 Proof by rigid induction

We now develop a principle for carrying out general proofs on in-
duction on effectful data types, with the explicit goal that the re-
sulting proofs are almost identical to textbook structural induction
proofs. The key is to factor out the treatment of effects into an
effect-specific notion of admissibility, which leaves the main proof
obligations essentially unmodified from the pure case.

2.5.1 T-admissibility

We start by defining a notion of a well-behaved subBebf a
generall-algebra( D, ®). This amounts to requiring not only that
that P C D is a sub-cpo (i.e., that the order relation bris also
acompletepartial order onP) but also a sub-algebra (i.e., that the
inclusion function is also &-algebra morphism):

Definition 2.12. Let (D, ®) be aT-algebra, A subseP of D
is T-admissible(with respect to®) if it is chain-complete and
satisfies the following condition:

For every cpoFE, continuous functiory : £ — D whose
range is a subset d?, and element of TE, the element
t ® g belongs taP.

We will not mention® explicitly when it is clear from the context.

In particular, wherf is lifting, the only elements 6f' £ = £,
are L and |e]|. Sincel ® g = Lp,and|e] ®g = g(e), a
predicate on a pointed cpb is lift-admissible precisely when it

For every cpaF, continuous functiory : E — T'C whose
range is a subset d?, and elementn of F'E, the element
(no4)(F(g)m)) belongs taP.

In the case wherd’ is derived from a simple sum-of-products
typed, the closure condition can be expressed in terms of the data
type constructors. For example, let us consider streams (recalling
that 5" (X) =1+ A x X):

Proposition 2.15. A subsetP C Str(A) is F5"-closed precisely
when it satisfies:

1. The elementnil belongs toP.

2. For everya in A ands in P, the elementcons (a, s) belongs
to P.

Proof. First, letg : E — Str(A) be such thate € E.g(e) € P,
and letm € F§"FE = 1 4+ A x E; we must then show that

(n° o) (Fi"(g)m) € P.

Form = inl(), n° (i (Fi"(g) (inl()))) = n°(i(inl())) =
vnil € P by condition (1); and forn = inr (a, €), we have
1° (i (F1" (9) (inr (a, €)))) = n° (i (inx(a, g(e))))
= vcons (a,g(e)) € P
by condition (2) and the assumption gn
Conversely, assume thEtis F5'"-closed. Takes = P (viewed
as a discrete cpo), angl as the (trivially continuous) inclusion
function. Then we getnil € P by consideringn = inl(), and
veons (a, s) € P usingm = inr(a, s). O
The generalization to other sum-of-products data type construc-
tors F' is evident. Wher¥' involves effects and/or recursion, how-
ever, we will need the formulation in terms of the functorial action
on generatorg. We will see an example in Section 2.8.

2.5.3 Proof principle
We can now prove the main theorem, an abstract proof principle:

Theorem 2.16 (Proof by rigid induction). Let (7'C, %) be a min-
imal T-invariant for F'. Assume thafP is a subset of'C' that is
bothT-admissible and”-closed. Ther is the entire sef'C.

Proof. First we show thatl.rc € P. For this, apply the condition

is chain-complete and pointed, i.e., admissible in the sense of thein Definition 2.12 withE = § andg = @ (the empty function

Introduction.

from () to T'C): for everyt € T') we havet x g € P. In particular

The standard principles for constructing admissible predicates | ., x g € P. But since the monad = (T, 7, +) is layered over

generalize naturally t@-admissible ones:
Proposition 2.13.

1. The equality relationP = {(d1,d2) € D x D | d1 =
(D, ®) % (D, ®) is T-admissible.

2. If P"is aT-admissible predicate ofD’, ') andh : (D, ®)—
(D', &) is arigid continuous function, then the predicadte=
{d € D | h(d) € P'} is T-admissible oD, ®).

3. If (P});e is an arbitrary family ofT-admissible predicates on
(D,®), thenP =, ; P; is alsoT-admissible oD, ®).

Proof. Straightforward calculations. O
In particular, any predicate of the forfh = {z | Vy. f1(z,y) =

fo(z,y)}, where f; and f> are continuous and rigid in their first
arguments, i§"-admissible.

d2} on

2.5.2 F-closure

Next, we define a criterion generalizing that a subset of a data type

is closed under constructor applications:

Definition 2.14. Let (T'C,7) be a minimalT-invariant for F'.
Notice that them o i is a function fromF (T'C) to T'C'. A subset
P of TC is F-closedif it satisfies the following condition:

lifting, * is strict in its first argument, sb ¢ x g = Lrc.
We now aim to show by fixed-point induction and the minimal-
invariance condition (10) that/r-c belongs to the set

Q={e:TC - TC |VteTC.e(t) € P}.

This implies thatP = T'C, which ends the proof.
First, Q is chain-complete sinc® is. Also, by the argument
in the beginning of the proofAt. Ly¢ € Q. Finally, assume
thate € Q: we now show that thef(i o F(e) o i™') € Q. Let
t € TC; we must show that the elemehti o F(e) o i !)(t) =
t* (noio F(e)oi™ ') belongs toP. SinceP is T-admissible, it
suffices to show that the range of the functipn i o F(e) o~ *
is a subset of. But this follows from the fact thaP is F-closed,
takingg = e in the condition in Definition 2.14. In conclusion, by
fixed-point induction and minimal invariance (1&),c € Q. O
Together with Lemma 2.11, Theorem 2.16 immediately gives an
induction principle for data types of the for®(ua.0[T¢a/a]).
In particular, for effectful streams, the rigid-induction princi-
ple, together with the observation after Def. 2.12 (instantiating
T-admissibility for lifting) and Prop. 2.15 (characterizirig*" -
closure in terms of the stream constructors), properly generalizes
Theorem 1.1 from the Introduction to arbitrary effects.
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As an example of reasoning by rigid induction, suppose that

append : Str(A) — Str(A) — Str(A) is a function that is rigid in
its first argument and satisfies

append vnil s = s (12)

append (vcons (a, s1)) s2 = vcons (a, append s1 s2) . (13)

(We will see in the next section that there in fact exists exactly one

such function.) We want to show that for alle Str(A), including
effectful and/or infinite streams,

append s vnil = s. (14)

Let P C Str(A) be the set of streamsfor which (14) does hold.
By the remark after Prop. 2.13 and the assumption 4pptnd is

Note how we are specifyinfion (top-level) pure elements only;
rigidity determines its value on all other ones. Howebemdg are
allowed to contain arbitrary'°-effects; and there is no requirement
thatg be rigid, or even strict, in its second argument.

The functionsfoldg can be straightforwardly defined in the
metalanguage: far < o, take

sfold, b7 g¥0*7 77 =
pfStr(@0) =9 \s glet® ¢ < s. case(0Ut a1 10 xTea(C),
(-0,
(a,5).g(a, fs))
Then([sfold, () = sfolde where(D, ®) = [o]f,, .- a-
As an example, we can define the stream-concatenaprand

rigid, P is T°-admissible; and by equations (12) and (13), it clearly function from the previous section. Taking

containss = vnil ands = vcons (a,s’) whens’ € P, soP
is F5"-closed by Prop. 2.15. Thus, by Theorem 2.F6is all of
Str(A), i.e., equation (14) holds universally.

2.6 Definition by rigid induction

append s1 52 = sfold s, (o) 52 veons s1
we get
append = [append]) = As1. Asa. sfolde s2 veons si.
It then follows directly from (16) and (17) thaippend satis-

As a consequence of proof by rigid induction, we also obtain a fjeqg (12) and (13), respectively. Also, by Corollary 2.18, the func-

convenient principle for defining rigid functions by induction.

Theorem 2.17 (Definition by rigid induction). Let (T'C,i) be a
minimal T-invariant for F'. For everyT-algebra(D, ®) and every
k: FD — D, the functiorfold (k) : TC — D defined by
foldg (k) = fix Af. M.t ® (ko F(f)oi™ "))
is the unique rigid functiorf from (T'C, ) to (D, ®) such that
vm € F(TC). f(n(i(m))) = k(F(f)(m)). (15)
Proof. By the fixed-point equationf = fold% (k) evidently satis-
fies that
fA)=t® (ko F(f)oi ').
Prop. 2.6(2) then immediately tells us thfats rigid; and
Fn(i(m))) = n(i(m)) ® (ko F(f) o i)
=k(F(f)@ (i(m)))) = k(F(f)(m))

as required. Moreover, suppogéis another rigid function satis-

fying (15). LetP = {t € TC | f(t) = f'(t)}; we want to
show thatP is all of TC'. By Prop. 2.13,P is T-admissible, so
by Theorem 2.16, it suffices to show th&tis F'-closed. So sup-
poseg : E — TC satisfiesve € E.g(e) € P,i.e.,fog= f'og.
Then
fomei)oF(g)=koF(f)oF(g)=koF(fog)
=koF(flog)=---=fo(noi)oF(g).
Soforallm € FE, (noi)(F(g)m) € P, as required. O

Again, for streams, the definition can be expressed more read-

ably in terms of the constructors:

Corollary 2.18. Let (D,®) be aT*“-algebra,b € D, andg :
A x D — D. Then the functionfoldg b g : Str(A) — D defined

by

sfoldg b g
_ 1 inl () b
= fix <)\f. At.t ® Ac.casei” (c) of { inr (a, 5). g(a, f ) })
is the uniquef : (Str(A),x°) — (D, ®) such that
f(vnil) =b (16)
f(veons(a,s)) = g(a, f(s)). an
Proof. Follows from Theorem 2.17, by takirdg: (1+ Ax D)— D
as
_ inl().b
k(m) = case m of { int (a,d). g(a, d) }
and recalling the definition of’5™ (f) from (11). O
7

tion Asi. sfold.e s2 vcons s; is rigid for each fixedss. Thus, by
Prop. 2.6(4)append : (Str(A),x°) —o Str(A) = (Str(A),*°).

(In the following, we shall generally omit the obvious metalan-
guage ternxyz whose denotation is the semantic objegt.)

Uniqueness primarily allows us to talk abaherigid function
satisfying equations (16) and (17), instead of metbéyleastone.
However, we can also use it to reason about general equivalence.
For example, to show that

append s1 (append s2 s3) = append (append s1 s2) s3, (18)

let s, andss be given, and také = append s2 s3 andg = vcons.
Then there can be at most one rigid functjpeatisfying

f(vnil) = append s2 s3

f(vcons (a, s)) = vcons (a, f(s)) .
But it follows directly from theappend equations that botlf; =
As.append s (append s2 s3) and f, = \s. append (append s s2) s3
satisfy the conditions. Since both are rigid, they must be the same
function, sofi(s1) = fr(s1), i.e., (18) holds.

We could of course also have definggbend using higher-order

iteration: taking(D, ®) = Str(A) = (Str(A), x°),

append’ = sfoldg (As2.52) (M(a, h). As2. veons (a, b s2)) .

Sinceappend’ is also rigid and evidently satisfies Equations (12-
13), it must be equal to the previously definggend.

Note, however, that the uniquenessoidy among rigid func-
tions. For example, consider the rigid functipn Str(A)—Str(A)
determined by

f(vnil) = f(vcons (a,s)) = Lsir(a) -

Can we show thaf(s) = Lg;(a) for all s € Str(A)? Clearly
f'(s) = Lsi(a) also satisfies the equations. WHER models a
non-control effect, such as stateX = S — (X x S).1), f'is
easily seen to be rigid, and hence indeed equdl But for other
effects, such as exceptiorEX = (X + E).), f’ isnotrigid; and
indeed, a stream starting with an exception-raising computation is
mapped to itself byf, but to L by f'.

Finally, it is not important that definitions by rigid induction
be expressed explicitly througifold. For example, we can use
a more general primitive-recursion schema: o D andh :

A x D x Str(A) — D, we recursively define : Str(A) — D by:

r(s) = 5 ® Ae.case i~ (c) of { il (). , } .

inr (a, s"). h(a,r(s"),s")

(In particular, we get a constant-time tail-function by lettingim-
ply return its last argument.) By uniquenessnust be equivalent
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to (but more efficient than) the direc8fold-definable function that
returns a copy of its argument together with the result, allowing the
combining functiory access to both.

2.7 The stream monad transformer

Using the functiomppend defined in the previous section, we can

define a monad structure on effectful streams. First, the unit of the

stream monad:

77Sn (19)

The bind function of the stream monad is defined by rigid induc-
tion, similarly to the definition ofippend:

5% h = sfold,e vnil (\(a,d).append (ha)d) s.
Str

"a = vcons(a, vnil) .

Thenx>" is rigid in its left argument, and satisfies
. Str .
vnil " h = vnil

(veons(a, s)) **" h = append (ha) (s %" h).

(20)
(1)

Now we aim towards showing théstr, n°", +57) is actually a
monad, i.e., thap>" and " satisfy the three monad laws. The
proof is virtually identical to the finite-list case, since the relevant
functions are all rigid by construction.

We have already established tj&itr(A), append, vnil ) form a
monoid (12, 14, 18). We will also need that, fer, s, € Str(A)
andf : A — Str(B),

(append s1 s2) x°" f = append (s1 %°" f) (sa £ f).
The proof is again by rigid induction of1, using (18).

(22)

Proposition 2.19. The families of continuous functioms” and
S0 satisfy the three monad laws from Definition 2.1. Hence

(Str, %", +57) is a monad.

Proof. Equation (2) follows directly from (14). Equations (3)
and (4) are shown by rigid induction enusing Equation (22). The
relevant subsets dftr(A) areT*-admissible by construction. O

Finally, Proposition 2.7 implies that the resulting stream monad
is layered overT°. In Haskell terminology, we have defined a
stream monad transformer

The ML and Haskell counterparts of the definitions above can
be seen in Figures 4-5.

2.8 Streams as a data type constructor

Recall thatStr(A) = [Str(ao)][ay—a4]- By Proposition 2.9, the
stream cpo constructditr can therefore be extended to a functor
by takingStr(f) = [Str(ao)]¢([ao — £]). As could be expected,
Str(f) is the function that “mapg” over its input stream:

Proposition 2.20. Let f : A; — As. The functionStr(f) is the
unique rigid functiory : (Str(A41),*°) — (Str(Az),«°) satisfying
g(vnil) = vnil andg(vcons(a, s)) = vecons(f(a), g(s)).

Proof. It follows directly from the definition ofStr(f) that Str(f)
is rigid (by Proposition 2.6(2)) and that it satisfies the requirements
on g above. Therefore Corollary 2.18 implies théd-(f) is the
unique rigid function satisfying these requirements. O

Remark. In the previous section we extendeédr to a monad
(Str, ", +57). Since every monad is also a functor, we have an
alternative extension dftr to a functor, nameh$ur’(f) = As.s%5
(n®" o f). But the proposition above implies that the two resulting

functors are identicalStr(f) = Str'(f).

Letmap f = Str(f) = [Str(ao)]®([eo — f]). The fact that
[6]¢ is a functor for al immediately gives a “map fusion” law for
effectful streamsmap (f o g) = (map f) o (map g). As another
example of proof by rigid induction, we show that, additionally, the
following “map-fold fusion” law holds:

data Stream_ m a = Nil
| Cons a (StreamT m a)
newtype StreamT m a = ST { rST :: m (Stream_ m a) }
instance Monad m => MonAlg m (StreamT m b) where
t >>>= f = ST (¢t >>= \a -> rST (f a))

instance Monad m => MonadT m StreamT where
lift m = m >>>= return

Monad m => StreamT m a
ST (return Nil)

vnil ::
vnil =

Monad m => a -> StreamT m a -> StreamT m a

s))

vcons ::
vcons a s = ST (return (Cons a

sfold :: =>

-> StreamT m a -> b

(Monad m, MonAlg m b)
b->(a->b->b)
sfold n c s =
rST s >>>= \s -> case s of
Nil -> n
Cons a s -> ¢ a (sfold n c s)

Monad m =>
StreamT m a -> StreamT m a -> StreamT m a
append sl s2 = sfold s2 vcons si
append’ :: Monad m =>
StreamT m a -> StreamT m a -> StreamT m a

append ::

append’ =
sfold (\s2 -> s2) (\a -> \h -> \s2 -> vcons a (h s2))

instance Monad m => Monad (StreamT m) where
return a = vcons a vnil
t >>= f = sfold vnil (\a -> \d -> append (f a) d) t

Figure 4. Streams in Haskell

datatype ’a stream_ =
Nil

| Cons
withtype

of ’a * ’a stream
’a stream = unit ->(km*) ’a stream_

val glue_stream : ’a stream glue = glue_m

val vnil = fn () => Nil
fun vcons (a,s) = fn () => Cons (a,s)

fun sfold gl n c s =gl (fn () =>
case s () of Nil =>n
| Cons (h,s) => c (h, sfold gl n c s))

fun append s1 s2 = sfold glue_stream s2 vcons sl
val append’ =  (* ignoring value restriction *)
sfold (glue_f glue_stream)
(fn s2 => s2)
(fn (a,h) => fn s2 => vcons (a, h s2))

structure StreamM : MONAD = struct
type ’a t = ’a stream
fun unit a = vcons (a, vnil)
val glue = glue_stream
fun bind (t,f) =
sfold glue vnil (fn (a,d) => append (f a) d) t
end

Figure 5. Streams in SML

Proposition 2.21. Let (D, ®) be aT-algebra, and leth € D,
f 1 A1 — Ao, g: Ao x D — D,ands € St[(Al). Then

sfoldg b g (map f s) = sfoldg b (A(a1,d). g(f(a1),d)) s.

Proof. By rigid induction ons. The relevant predicate os is
T*-admissible since the functionsap f andsfoldg b g and
sfoldg b (A(a1,d). g(f(a1),d)) are rigid.

These fusion laws will be used in Section 4.4.
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3. Relational reasoning 2. If (a,a’) € Rthen(m a,n2a') € R(R).

Equational reasoning suffices for many purposes, but when prov- 3- If (¢, t') € R(R) a[‘d fof all(a,a’) € R, (f(a), f'(d')) €
ing properties of higher-order functions, one must usually gener- R (), then(t x1 f, "2 f') € R(S).
alize tological relations because the relationships are no longer Let there now be given two realizatiods, and @, of ¥, and

expressible as simple equations. When the programs also involvefor everye € 3, a relational actiorR® for the monads denoted by
recursive, and especially reflexive types, however, the natural spec-¢, ¢ and®,.e. We can then show:

ification of the relation family also becomes circular, and one must . . .
carefully exploit how the recursive domains were constructed in PropPosition 3.4. Let< be a relation map fo0:,0. € [A], i.e.,
the first place to make sure that the desired relations even exist™" all @ € AW (a) € ARel(6:(a), 62(a)). Then for every type
(Reynolds 1974; Pitts 1996: Filinski 2007). We will not go into 7> With effect names froit, and FTV(r) C A, there exists a
the technical details here, concentrating instead on demonstratingrélation (~¥) € ARel([r[®1]], [7[®]]) such that:
how the equational results from the previous section can be applied an~qd & (a,d) €P(a)
in such a relational setting.

The setup is that we want to treat an effect asadstract , ,
data type with a monad and its proper operations seen as a mod- P ~ryxm P & T1(p) ~ry Ti(p) AT

a

’
u~;u & true

)

(p) ~ry m2(p)
ule implementing an interface. We can then talk about contextual s~ . &' o (3a~,, d'.s =inl(a) A s’ = inl(a’)) V
equivalence of two such modules as substitutability in all pro- 3 o . ’
grams respecting the abstraction boundary, i.e., not manipulating (Ja ~,, a’.s =inr(a) A s" = inr(a’))
the monadic values directly, but always going through the inter- frrof & Var~,d . far~, fd

face. The monad-representation operators of Figure 3 are one par- troper t & (6t) € R (~y)

ticular instance of this: here the operatianstlect andreify T . T L,

actually fully expose the monad type up to (observational) isomor- " ~pa.r M < Par (M) ~rluar/a) Pa.r (M)

phism; nevertheless, this still leaves room for radically differentim- (Sincey remains fixed, we have omitted it, to avoid clutter.)

plementations. In this section, we will show two further instances

of showing different implementations of an effect-ADT equivalent.
To formalize implementations of effects, it is convenient to talk

of a signatureX of effect names and constants. The semantics of

our metalanguage is given with respect to a base signaiyrep-

Proof sketch Again, the last clause prevents us from simgéfin-

ing the relation~., by induction onr. Instead, existence and
uniqueness of the relation family must once more be argued from
the minimal-invariant property of the recursive-type interpretations

resenting a fixed programming language. If a program is written (Pitts 19_96),_exp|0|t|ng the conditions on relational actions of ef-
over a larger signature thaky, it also needs aealization® of the fects (Filinski 2007). / F]
extensions, i.e., definitions of the additional effects and constants, e require that for observable typesa ~, a’ = a = d/,

so that the expanded prograhf[®] can be executed; this corre- and that for any(c : ) € Yo, [c]0 ~, [c]0; this is usually easily
sponds to simple module linking, or instantiation of overloaded checked. For the defined constants and effects, we take:
constants. We use.c = M to define constants in realizations. (We  pefinition 3.5. Realizationsb:, ®, : % are related by relational-

sometimes write:z = M for ¢ = Az. M, but never recursively.)  action family (R¢).cx if for every (cs : 7) € 5; 61,02 € [d];
For defining new effects, we introduce the following: andy € ARel(61,602), [1.c]s, ~¥ [®2.clo,.

Definition 3.1. A formal monadover an effecteo consists of a  Theorem 3.6 (Fundamental Lemma). Let ®; and ®; be related
type constructoprr(-) such thateo < or(a), and closed terms  reglizations, and for everz : 7) € T', p(z) ~¥ p'(x). Then for
M, : a« — or(a) andM, : or(a) X (o« — or(a’)) — or(a’). everyl' s M : 7, [M[®1]]o, p ~¥ [M[®2]]0, 0

Semantically, we say that such a formal monad denotes a pygof, By induction onM, with most cases standard. For the case
(proper) monad if the denotations of the terms (with type vari- ..o 1r""\e use fixed-point induction, exploiting that the relation
ables interpreted as arbitrary cpos) satisfy the monad laws and the, s admissible and pointed; the casesiferandout are imme-
layering condition from Prop. 2.7. o diate from the characterization ef,, ,; and the ones foval and

Syntactically, a realization containing an effect definitbe = o4 follow from the definition of relational actions. O
(o, My, M.) can be used to eliminate types and terms associated In particular, if we can find a relational action for the monads

with the effect: underlying two realizations of an effect-ADT, such that their oper-
T = or(T ations are related, the two realizations are observationally indistin-
(T°7)[®] (r[®]) ti lated, the tw lizati b tionally indisti
(val® M)[®] = M, (M[®]) guishable. Candidate relational actions are often easy to construct:
va = My

(let® z <= M1.M2)[®] = M, (M:[®], \z. M2[P])
One can check that the meaning of a program linked with . . )
a formal monad agrees with the meaning of the program in an 1. Syntactic. If the .effe@t is defined by the same forrrESIHrg]onad
interpretation extended with that monad’s denotation. For relating ~ (o7(-); My, M., ) in both®, and®;, thenR (R) = (~,. (1))
two different monadic implementations of an effect, we introduce: is a relational action for the corresponding monads.

- - . 2. Inverse image. If; : Ty — 17 and ¢z : T> — Ty are monad
Definition 3.2. An admissible relationR between two cposl and morphisms, andR’ is a relational action forZ! and T}, then

A’ is a chain-complete subset df x A4’, i.e., satisfying that if for - , . lational
alli € w, (a;,a}) € R, then also(| |, a;,| |, a}) € R. We write ;zc(tilz?q fgrz{’“l(téh?%g (t1t1,12t2) € R'(R)} is a relationa
ARel(4, A') for the set of all such relations. 3. Intersection. IfR ;< ; are all relational actions forl}, and T,
Definition 3.3. A relational action R for a pair of monads then so isR(R) = ;. ; R;(R).
gg;é?}é)*é) Xr;géljgzjl 772’ *QT) E%pz a{'ﬁ ls?)t/'i?]ng;] ; ARel(As, A2) Proof. Each part follows easily:

141, 22452/ g 1. R(R) is admissible by construction, and relates the denotations
1 (Lryay, Llma,) € R(R). of M, andM, by the Fundamental Lemma.

Proposition 3.7. The following are valid principles for construct-
ing monadic relational actions:
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2. R(R) is admissible by being an inverse image by strict con- newtype MonAlg m r =>
tinuous functions of another admissible relation, and relates the ~ CotT ¥ ® @ = CT £ xCT =z (a > ) —> 1}
unit and bind functions because of the monad-morphism laws. instance (Monad m, MonAlg m r) =>

3. Straightforward. O MonAlg m (ContT r m a) where
t >>>= f = CT (t >>= \a -> rCT (f a))

4. Application: relating nondeterministic-search instance lonad m = Monad )(ContT r m) where
return a = CT k >k a
monad transformers m>=f =CT (\k -> rCT m (\a -> rCT (f a) k))

AS a practical exgmple of using .the techniques, we present tW.O instance (Monad m, MonAlg m r) => MonadT m (ContT r) where
instances of relating implementations of an abstract data type, in ™" 1i¢; 1 = p >>>= return

the context of backtracking search. The first one is the well-known,

but surprisingly tricky to formalize, relationship between success-
stream and failure-continuation models of depth-first backtracking.
The second is about relating the higher-level abstraction of searchfunctor Cont (type r val glue_r : r glue) : MONAD =

trees and traversal strategies to solution streams. struct
type ’at = (Pa ->r) >r

Figure 6. Continuations in Haskell

4.1 Relating streams and 2-continuations fun unit a = fo k => k a

4.1.1 The 2-continuation monad fun bind (t, f) =fn k => t (fn a => f a k)
. i fun glue t = glue_f glue_r t
In formal models of backtracking (notably for embedding Pro- end;

log in functional languages), a frequent alternative to the natural

solution-stream approach is a representation of computations with Figure 7. Continuations in SML

success and failure continuations. This model can be seen as a stan-

dard continuation monad, but with the answer type itself being a

continuation-computation type. The “outer”, success continuation

is thus effectively itself written in continuation-passing style, and

is invoked on each solution and the “inner”, failure continuation. R = Str(o) — Str (o)
(Sometimes the failure continuation is left implicit as the normal We can then take

call stack. A sequence of answers is then represented as a series of

For the 2-continuation monad, we choose the “inner” answer
type S asStr (o), i.e.,

. . . . B . Co . C
calls to the success continuation, with the return values ignored. Dgon-BT = (Cont(-), unit ™™, bind ™)
Ultimately, such answers must therefore be recorded using some BT .bfail = M. Ae.c

computational effect, such as interactive 1/0.)

BT P —
When R is a computational type wite < R, we define the PCon-bdisj u1 uz = Ak. Ac.u1 k (uz k)

formal R-continuation monad over by Beon-answers u = u (Aa. As.veons (a, s)) vnil
Cont(a) = (¢ —» R)—R (Note that only the last operation depends on the above choice of
. Cont  _ ypa—R the typeS).
ém'tt‘” @ = Ak , R’k @ The corresponding code is shown in Figures 8-9.
bindgar (¢, f) = Ak™ 7"t (Xa®. fak) To relate the two realizations, we first define a functiar :
Note that where < R, then alsce < Cont(7). Analogously, we St () — Cont (A) by rigid induction;
can fulfill the condition orR by takingR = (1—S) — S for some stocvnilkc = ¢ (23)
S with e < S. Since the failure continuation takes no meaningful stoc (veons (h,t)) kc = kh (stoctkc) (24)

argument, we will actually simplify thisto jut = S — S. . o . i
The Haskell and ML representations of the general continuation (stoc is of course explicitly definable in the metalanguage, but we
monad are shown in Figures 6-7. do not rely on this.)
Lemma 4.1. stoc (append s1 s2) k ¢ = stoc s1 k (stoc s2 k ¢).

4.1.2 Backtracking operations

In the presentation of Wand and Vaillancourt (2004), the abstract Proof. Straightforward rigid induction o8 H

effect ofbacktracking BT, can be thought of as having a signature Lemma 4.2. stoc is a monad morphism from streams to continua-

with the following operations: tions.
bfail, : T* o Proof. Equation (5) follows directly from (23) and (24); (6) is
bdisja : T2 a — T% a — T® o shown by rigid induction on the streatnusing Lemma 4.1. O
answers : T%To — Str (o) Lemma 4.3. stoc s (Aa. \s’. vcons (a, s')) vail = s, s € Str(o) .
bfail and bdisj represent failure and nondeterministic choice, re- Proof. Straightforward rigid induction os. O
spectively.answers is the implicit operation turning a backtrack- We now use the equations shown above to establish the rela-

ing computation — however it is implemented — into an observable tional correspondence.
stream of answers of some fixed observable type
In the stream-based realizati®g, we directly take

BT LS. Str
©5r-BT = (Str(), unit™, bind™) Proof. Since stoc is a monad morphism (Lemma 4.2), as is the
1 bfail = vnil identity onCont (A), by Prop. 3.7(1,2), we can define the relational
action ofBT as an inverse image of the syntadfient («)-relation:

Proposition 4.4. The realizationsb§! and &7 . are related, and

hence observationally equivalent in all well-typed contexts.

@51 bdisj s1 s2 = append s1 s2

BT _ def,
dgy.answers s = s S ~pBT, U < SIOC S ~(cont(a) U
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type Obs = String dfpick Ei (Monad m, MonadT m t, BTT m t) => [a] -> t m a
dfpick = bfail

class (Monad m) => BTT m t where dfpick (h:t) = bdisj (return h) (dfpick t)
bfail :: t m a
bdisj :: tma->tma->tmna instance MonAlg IO (IO a) where
answers :: t m Obs -> StreamT m Obs (>>>=) = (>>=)
instance (Monad m) => BTT m StreamT where printStream :: StreamT IO String -> I0 ()
bfail = vnil printStream =
bdisj = append sfold (return ()) (\a -> \d -> putStr (a ++ "!\n") >> d)
answers s = s
evens :: StreamT I0 Int -- or ContT (SAns I0) IO Int
type SAns m = StreamT m Obs -> StreamT m Obs evens =
do x1 <- dfpick [3,4,5]
instance (Monad m) => BTT m (ContT (SAns m)) where () <- lift (putStr ("x1=" ++ show x1 ++ "? "))
bfail = CT (\k -> \c -> ¢) x2 <- dfpick [5,6,7]
bdisj gl g2 = CT (\k -> \c¢ -> rCT gl k (xCT g2 k c)) () <= lift (putStr ("x2=" ++ show x2 ++ "7 "))
answers u = rCT u vcons vnil let v = x1 * x2
() <= if v ‘mod‘ 2 == 1 then bfail else return ()
Figure 8. Backtracking in Haskell return v
type obs = string printevens :: I0 O
printevens =

signature BT = sig printStream (answers (evens >>= (return . show)))

val bfail : unit ->(xbtx*) ’a
val bdisj

(unit ->(*bt*) ’a) -> (unit ->(xbt*) ’a) ->(*bt*) ’a
val answers : (unit -> (*bt*) obs) -> obs stream

Figure 10. Tracing example in Haskell

open StreamBT; (* or ContBT *)

end;

fun dfpick [1 = bfail O
szruczure StreamBT : BT = | dfpick (h::t) = bdisj (fn () => h) (fn () => dfpick t)
struc

fun printstream s =
sfold glue_m

structure SR = Represent(StreamM) open SR
fun bfail () = reflect vnil

fun bdisj tl t2 = reflect (append (reify t1) (reify t2)) (o O => 0O)
fun answers t = reify t (fn (s, d) => fn ) => (print (s ~ ""\n"); d O))
end; s O

type r = obs stream -> obs stream fun evens () =

val glue_r : r glue = glue_f glue_stream let val x1 = dfpick [3,4,5]
val () = print ("x1=" ~ Int.toString x1 ~ "? ")
structure ContM = Cont (type r = r val glue_r = glue_r); val x2 = dfpick [5,6,7]
val () = print ("x2=" ~ Int.toString x2 ~ "? ")
structure ContBT : BT = val v = x1 * x2
struct val () = if v mod 2 = 1 then bfail() else ()
structure CR = Represent(ContM) open CR in v end

fun bfail () = reflect (fn k => fn c => ¢)
fun bdisj t1 t2 =
reflect (fn k => fn ¢ => reify t1 k (reify t2 k c))
fun answers t = reify t (fn a => fn ¢ => vcons(a,c)) vnil
end;

fun printevens () =
printstream (answers (fn () => Int.toString (evens ())))

Figure 11. Tracing example in SML

Figure 9. Backtracking in SML x1=37 x2=57 x2=67 18!
x2=77 x1=47 x2=57 20!

2=67 24!
We must now check that the constants are related. The case for§2=7? 281

bfail is effectively a degenerate variant bflisj, so let us only x1=57 x2=57 x2=67 30!
consider the latter. Looking at its type, and expanding the definition x2=77
of ~ for function types (twice), SUPPOS®EoC 51 ~cont(a) U1 and

StOC 82 ~ Cont(a) Uz; WE Must show that Figure 12. Output fromprintevens
stoc ([®%.bdisj] 51 52) ~cont(a) [PCon-bdisj] w1 ua.  (25)
But by Lemma 4.1 on the LHS, [®5.answers] s = s = stoc s (Aa. As’. veons (a, s')) vnil

o = [®¢5-answers] (stoc s)
stoc ([®sg-bdisj] s1 s2) = stoc (append s1 s2) = [P cone- s

= /\k-B/T\& stoc s1 k (stoc s2 k c) so0 (26) follows from Theorem 3.6 for the terdg]
= [P Conr- bdisj] (stoc s1) (stoc s2)
and hence (25) follows from the Fundamental Lemma for the term
D,y bdisj. (Note that we did not even have to expanghe (a)-)
Finally, for answer extraction, suppose ~xer, u, I.€.,
StoC 8 ~Cont (o) U; WE Must show that

~answers. [

Note that the theorem also applies directly to backtracking lay-
ered above some other effect, such as 1/0. Effectful operations
in the underlying monad are still represented in the stream, even
if they do not ultimately lead to solutions. For example, in Fig-
ures 10-12, we show how tracing output gets embedded in the an-

[DET.answers] s ~sy (o) [PEm. answers] . (26) swer stream, so that when the latter is eventually printed, the output
] re) ? elements are properly interleaved with the computations leading up
Using Lemma 4.3 on the LHS, to them. The output is identical for the ML and Haskell versions,
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Leaf a
Node [TreeT m a]
m (Tree_ m a) }

data Tree_ m a =
|
newtype TreeT m a = TT { rTT ::

instance Monad m => MonAlg m (TreeT m b) where
t >>>=f =TT (¢t >>= \a -> rTT (f a))

vleaf :: Monad m => a -> TreeT m a
vlieaf a = TT (return (Leaf a))

vnode :: Monad m => [TreeT m a] -> TreeT m a
vnode 1 = TT (return (Node 1))
tfold :: (Monad m, MonAlg m b) =>
(a ->b) -> ([b] ->b) -> TreeT m a -> b
tfold f n t =
rTT t >>>= \m -> case m of
Leaf a -=> f a
Node 1 -> n (map (tfold f n) 1)

instance Monad m => Monad (TreeT m) where
return a = vleaf a
t >>= f = tfold f vnode t

Monad m => [a] -> TreeT m a
vnode (map return 1)

pick ::
pick 1 =

catstr :: Monad m => [StreamT m a] -> StreamT m a
catstr = foldr append vnil

Monad m => TreeT m a -> StreamT m a
tfold return catstr

ttos ::
ttos =

Figure 13. Trees in Haskell (SML version is analogous)

Proposition 4.5. Let P be aT*°-admissible subset dfree (A).
Suppose thaP satisfies the following conditions:

1. For everya in A, the elementleaf a belongs taP.

2. For every cpaE, continuous functioy : E — Tree (A) such
that the range ofy is a subset ofP, and! € List(E), the
elementvnode(map g ) belongs taP.

ThenP is the entire seflree (A).

Proof. By Lemma 2.10 we obtain a functdiy e with Fy°¢(X)
[6] (0o a,a—x] = A + List(X) and

F;‘ree(f) _ [[5}](1([050 —ida,a— f]) =ida + List(f).

In order to apply Theorem 2.16 we must check tRais Firee-
closed. But this is easily seen to be equivalent to the two conditions
on P above. O

Remark. Using the fact thaList is a finite list functor, condition

(2) in the above proposition can be reformulated in a more natural-
looking way: For allt4, . . ., ¢, in P, the elementnode(ti, . . ., t,]
belongs toP. One advantage of the formulation in the proposition
is that it generalizes to infinitely branching trees (see Section 4.4).

The principle for definition by induction given by Theorem 2.17 is:

Proposition 4.6. Let (D, ®) be aT**-algebra, letg; : A— D, and

g2 : List (D) — D. Then the functiomfold g1 g2 : Tree(A) — D
defined by
tfoldg g1 g2

inla. g1(a)

= fix <)\f. M.t ® Ae.case it (c) of{

)

inrl. g2(map f1)

and for the stream-based and 2-continuation based implementationss the uniquef : (Tree (4),*°) — (D, ®) such that

of backtracking.

4.2 Relating trees and streams

f(vleaf a) = g1(a)
f(vnodel) = go2(map f1).

We now consider a higher-level interface for backtracking, which | jke for streams, the functiorfold is definable by a term in our
allows the programmer to define alternative search strategies. Themetalanguage.

key concept is theree monad transformegresented next; it allows
one to construct potentially effectful search trees.

4.2.1 The tree monad transformer
Consider the metalanguage type
Tree(a) = T¢(pa. ap + List(T a))

where List(a) = pa’.1 4+ a x o. For every cpoA, define
Ca = [po. ap + List(T)](aq—4) @and

Tree (A) = [Tree(ao)]{ao—na) =T°Ca.

ThenTree (A) is a domain of effectful, finitely-branching trees with
leaves fromA.

Also, let List(A) = [List(a0)][aq—a) and leti : A +
List(Tree (A)) — C4 be the isomorphism associated witly.
Then define constructorgleaf € A — Tree(A) and vnode €
List (Tree(A)) — Tree(A) by

vleaf a = n°(i(inla))
vanode | = n°(i(inrl)) .

The type Tree(ao) has the formT°(pa.d[T°a/al]) consid-
ered in Section 2.4, defining = ao + List(a). Therefore, in
order to derive an induction principle for effectful trees (elements
of Tree (A)), we need to consider the definition ] <.

First, the typelList(a) gives rise to a functor “ina”: let
List(f) = map f = [List(c)]?([a — f]). One can show that
List is in fact a finite list functorList (X) is the cpo of finite lists
with elements fromX, andList(f) is indeed the familiar “map”
function that applieg to each element of its argument.

12

For example, we can define a functioos flattening an effectful
tree to an effectful stream in depth-first order:

catstr = foldr append vnil € List(Str(A)) — Str(A)
ttos = tfold e n°" catstr € Tree (A) — Str(A)

(Herefoldr is the familiar “fold right” function on lists.) A Haskell
implementation is shown in Figure 13; the SML implementation is
similar. However, the Haskell version actually implementmitely
branchingeffectful trees; we return to this point in Section 4.4.

Monad structure We use Proposition 4.6 to define a monad struc-
ture (Tree, n™, «T™) on effectful trees, similarly to what we did
for effectful streams:

T
n " a = vleaf a

t %™ h = tfold,e h vnode t
Then«™ s rigid (in its first argument) and satisfies
(vieafa) *™ h = ha

(vnode 1) *™° h = vnode(map (At. t x"° h) 1).

Proposition 4.7. The families of continuous functiomé™ and
*¢ satisfy the three monad laws of Definition 2.1. Hence
(Tree, n™™, «¢) is a monad.

Proof. Similar to the corresponding proof for streams, but simpler.
Equation (2) is a simple calculation, while Equations (3) and (4)
follow directly by rigid induction ont (Proposition 4.5), using one
of the functor laws folList: map (fog) = (map f)o(mapg). O
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As for streams, Proposition 2.7 implies that the resulting tree vantage of programming to tié¢D API rather than th&T one, is
monad (Tree, n¢, «1™) is layered overl®. In Haskell termi- that the former retains the possibility of other tree traversal orders.
nology, we have defined teee monad transformeiSince the tree Here we consider the example of breadth-first search. In order
monad transformer can be layered on top of monad transformersto implement breadth-first search using the search tree model we
for state and exception effects, one can in particular use it to imple- simply need to construct a stream that represents a traversal of the
ment search strategies that terminate early after a certain number offectful search tree in breadth-first order. This can be done with
backtracking operations, or search strategies such as branch-anda standard algorithm that uses a queue of subtrees. Alternatively,
bound that depend on search-global state whicioigestored on one can define breadth-first traversal compositionally, using the

backtracking. generaltfold function derived from Proposition 4.6; the Haskell

code is shown in Figure 14. The resulting definition can actually be

4.2.2  Search operations seen as the refunctionalized counterpart (Danvy and Millikin 2007)
We consider the signature of the abstract search effétto of the standard algorithm. The idea is to use a recursive type to
contain two operations: allow one to process all children of a node “in advance” when first
. . ND encountering them. Hofmann (1993) analyzes a variant due to Tofte

picka : List(a) = T "o that uses a similar idea.
collect,, : TVPa — Str(a) As an example of a programming task that admits a natural

The fi d inistic choice b h Isolution by breadth-first backtracking, consider the problem of
e first one expresses a nondeterministic choice between the val ‘constructing a stream of all untyped, closaederms, up toa-

ues in a list (with en empty list representing failure); the second equivalence. The solution, in Haskell and SML, is shown in Fig-

produces a stream of all successful answers from a nondeterminisy, o< 15 and 16: in both casesrms contains the desired stream,
tic computation. Note that, in general, it need not be the case that

g X : . which can be inspected lazily.
pick [a] = na: a choice point with only one alternative may be P y

observably_different frorr_1 a completely pure computat_ion._ 4.4 Infinitely branching effectful trees
We can implement this abstract effect with two realizations: one ] ] ) ]
based on search trees, and one based on solution streams: Strictly speaking (no pun intended), the Haskell implementation of
ND - Tree 1. i Tree Trees in Figure 13 is not quite faithful to the metalanguage version,
DTree-ND = (Tree(+), unit ™, bind ") because it is expressed using the native Haskell data type of (lazy)

vnode (map unit ™ [) lists, and thus more accurately correspondmfimitely branching
effectful trees.
It turns out that the development in the previous sections goes

YR, pick 1

ND
P ee-collect r = ttos r

OO ND = (Str(-), unit™, bind 5" through when _substituting lazy lists for eager lists. Instead of
NDS"_ (Str() i ) Tree(aw), consider the typelree’ (ay) = pa. ap + Str(TCa).
Dgir-pick I = foldr vcons vnil [ In Section 2.8 it was shown that the functorial actionSaf ()

PY2 collect s = s is a “map” function on streams. Therefore, we obtain induction

principles for Tree’ completely similar to those fofree (Propo-
sitions 4.5 and 4.6), except thatap is now the map function on
streams instead of lists. Furthermore, if we take the effect in the def-
inition of Str(-) to be lifting, we obtain precisely the data type of

' Haskell's lazy lists. The development in the previous sections then
oes through mostly as before, using the fusion laws for streams
om Section 2.8. In effect, one uses rigid induction on streams

instead of structural induction on lists.

In the tree-based one,pick is represented as a choice node with
trivial computations in the branches; thellect performs a depth-
first traversal of the tree. In the stream-based representaiidn,
immediately converts the list of choices to a stream of answers
makingcollect trivial. Although (as we will show), the observable
net effect is the same, the tree-based representation also make
it possible forcollect to use traversals other thats, while the
stream-based one commits to depth-first already at the choice point.

Lemma 4.8. ttos is a monad morphism from trees to streams. 4.5 Other models of backtracking

Proof. By rigid induction on trees (Proposition 4.5). One needs the There exist a number of other models of backtracking and search
following lemma, which follows from Equation (22) by induction ~ strategies related to monads in the literature (Wand and Vaillan-
on the finite list: (catstr l)*sf = catstr (map (As. s *5 nHH. d court 2004; Danvy et al. 2002; Hughes 1995; Hinze 2000; Kiselyov
. et al. 2005). Spivey (2006) gives a general categorical account of
Lemma 4.9. Forall | € List(A), search strategies based on monads, including one based on finitely
ttos (vnode (map pTree 1)) = foldr vcons vnil I branching trees analogous to Oliee, but without embedded ef-
. o . ) fects. With the exception of the models of Wand and Vaillancourt
Pr0(_)f._ Str_alghtforward verification, using the map/fold fusion laws (2004), these models have not been investigated in terms of object
for finite lists. 0 languages with formal semantics. We hope that the techniques pre-

Proposition 4.10. The realization®\2, and®0 are observation-  Sented in this article could be useful in such a formalization.
ally equivalent.

Proof. Like for streams, we define the relational actioNd as an 5. Conclusions

inverse imaget ~po,, 8 < ost ~s; (o 8- Thattherealizations wiith allttle care, the well-known induction principles for reasoning

of pick are “NBLat?d follows from Lemma 4.9 and the Fundamental apout algebraic data types scale to settings where the data values
Lemma for®g,’ pick; and the case farollect follows directly from contain embedded computational effects, not necessarily limited
the definition. O to partiality. Moreover, such reasoning extends smoothly to pro-
grams with higher-order and reflexive types: although the reasoning
framework will generally have to be relational, most concrete veri-
The Prolog-style depth-first search semantics embodied in the fications still boil down to familiar equational reasoning by induc-
stream and 2-continuation models of backtracking is not appro- tion. In particular, we have systematized and generalized the result
priate for all programming tasks. For a programmer, the main ad- of Wand and Vaillancourt about relating the solution-stream and 2-

4.3 Breadth-first traversal
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data Rec m a = Fun { rFun :: [Rec m a] -> StreamT m a } to layer further monadic effects on top of backtracking, such as

instance Monad m => MonAlg m (Rec m a) where state-based destructive unification, as found in most realistic Pro-

t >>>= £ = Fun (t >>>= (rFun . £)) log implementations. Monadic layering allows us to separate con-
cerns, decoupling the underlying search strategy from higher-level
bfs_aux :: Monad m => [Rec m a] -> StreamT m a computations using choice as a black-box abstraction. This is cur-
bfs_aux [] = vnil rently work in progress, and we hope to report on it at a later time.
bfs_aux (Fun £ : fs) = £ fs However, we believe the concept of rigid induction is a powerful
bfs :: Monad m => TreeT m a -> StreamT m a yet easy-to-use principle in its own right, and represents a useful
bfs t = bfs_aux [f] addition to the functional programmer’s toolbox.

where f = tfold (\a -> Fun (\fs -> vcons a (bfs_aux fs)))

(\fs’ -> Fun (\fs -> bfs_aux (fs ++ fs’))) Acknowledgments
t
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Figure 14. Breadth-first search in Haskell (SML is analogous)  that helped improve the presentation.
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