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Recap: Finding a negative cycle

Observation.  If there is a negative cycle, Bellman-Ford gets stuck in loop, 
updating distTo[] and edgeTo[] entries of vertices in the cycle.

Proposition.  If any vertex v is updated in phase V, there exists a negative 
cycle (and can trace back edgeTo[v] entries to find it).

In practice.  Check for negative cycles more frequently.
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Problem.  Given table of exchange rates, is there an arbitrage opportunity?

Ex.  $1,000  ⇒  741 Euros  ⇒  1,012.206 Canadian dollars  ⇒  $1,007.14497.
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Case 1:  Arbitrage detection

1000 ×  0.741 × 1.366 × 0.995 = 1007.14497

USD EUR GBP CHF CAD

USD

EUR

GBP

CHF

CAD

1 0.741 0.657 1.061 1.011

1.350 1 0.888 1.433 1.366

1.521 1.126 1 1.614 1.538

0.943 0.698 0.620 1 0.953

0.995 0.732 0.650 1.049 1
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Currency exchange graph.

• Vertex = currency.

• Edge = transaction, with weight equal to exchange rate.

• Find a directed cycle whose product of edge weights is  > 1.

Challenge.  Express as a negative cycle detection problem.
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Arbitrage detection

An arbitrage opportunity
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Model as a negative cycle detection problem by taking logarithms.

• Let weight of edge v→w be  - ln (exchange rate from currency v to w).

• Multiplication turns to addition; > 1 turns to < 0.

• Find a directed cycle whose sum of edge weights is < 0 (negative cycle).

Remark.  Fastest algorithm is extraordinarily valuable!

A negative cycle that represents
an arbitrage opportunity
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.2998 - .3119 + .0050 = -.0071
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Negative cycle application:  arbitrage detection
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Arbitrage detection analysis

Input: Exchange rates for n currencies, table size t =        ~ n2/2. 

Assume worst-case: Need V iterations.

Graph parameters: Number of vertices n, number of edges         ~ n2/2.

Bellman-Ford: For some constant C, time C V E ~ C n3/2.
Added cost of reporting a negative cycle is ~ C’ n, which is a lower-order term.

In big-O notation: O(n3).

In terms of parameter t: O(t1.5).
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Recap: Longest paths in edge-weighted DAGs.

• Negate all weights.

• Find shortest paths.

• Negate weights in result.

Key point.  Topological sort algorithm works even with negative edge weights.
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Case 2: Longest paths in edge-weighted DAGs

equivalent: reverse sense of equality in relax()

5->4  0.35 
4->7  0.37 
5->7  0.28 
5->1  0.32 
4->0  0.38
0->2  0.26 
3->7  0.39 
1->3  0.29 
7->2  0.34
6->2  0.40 
3->6  0.52
6->0  0.58
6->4  0.93 

5->4 -0.35 
4->7 -0.37 
5->7 -0.28 
5->1 -0.32 
4->0 -0.38
0->2 -0.26 
3->7 -0.39 
1->3 -0.29 
7->2 -0.34
6->2 -0.40 
3->6 -0.52
6->0 -0.58
6->4 -0.93 

longest paths input shortest paths input

5->4 -0.35 
4->7 -0.37 
5->7 -0.28 
5->1 -0.32 
4->0 -0.38
0->2 -0.26 
3->7 -0.39 
1->3 -0.29 
7->2 -0.34
6->2 -0.40 
3->6 -0.52
6->0 -0.58
6->4 -0.93 
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Case 2: Longest paths in edge-weighted DAGs

Parallel job scheduling.  Given a set of jobs with durations and precedence 
constraints, schedule the jobs (by finding a start time for each) so as to 
achieve the minimum completion time while respecting the constraints.
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Parallel job scheduling solution
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A job scheduling problem

 0    41.0    1  7  9
 1    51.0    2 
 2    50.0    
 3    36.0    
 4    38.0    
 5    45.0    
 6    21.0    3  8
 7    32.0    3  8
 8    32.0    2
 9    29.0    4  6

job duration must complete
before
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CPM. To solve a parallel job-scheduling problem, create acyclic edge-weighted 
digraph:

• Source and sink vertices.

• Two vertices (begin and end) for each job.

• Three edges for each job.

- begin to end (weighted by duration)

- source to begin (0 weight)
- end to sink (0 weight)

Critical path method

9Edge-weighted DAG representation of job scheduling
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Critical path method
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CPM.  Use longest path from the source to schedule each job.

Longest paths solution to job scheduling example
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Job scheduling analysis

Paramaters: n precedence constraints, t tasks.

Graph parameters: Number of vertices: 2t+2, number of edges: n+3t.

Topoligical sorting: For some constant C, time C (V+E) ~ C(n+5t).

In big-O notation: O(n+t).
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Case 3: Traveling salesperson

Task: Find a shortest path that passes through vertices v1,v2,...,vk in any order.

Example: 12 German cities.
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Observation: Once the order is known, 
this boils down to k shortest path 
problems.
Brute force algorithm: For each of the 
k! orderings, compute a shortest path 
respecting the given ordering. 
Refinement: Early stopping: when target 
node is relaxed, it is safe to stop

Complexity analysis (worst case):
- k! orderings
- k shortest paths per ordering
- V+ E log V time per shortest path
Total: (k+1)! E log V
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Traveling salesperson, cont.

Idea for improvement: Replace each v node in graph by 2k nodes, each 
corresponding to a subset of visited nodes in v1,v2,...,vk.
Example: For k=12 we can represent a vertex in the new graph (V’,E’) by a 
vertex in V and a 12-bit string b (unsigned integer).

13

(v,000000000000)

(v,000000000001)

(v,000000000010)

...

(v,000000000011)

...

(v,111111111111)

v

Edges in E’. If (v,w)∈E, then (v,b) has edges to:
- (w,b) 
- (vi, b | (1<<(i-1))) if w=vi.
Intuition: Node “remembers” which of the k 
cities have been visited.
Solution: Shortest path from (v1,000000000000) 
to (v1,111111111111).
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Traveling salesperson, analysis

Number of vertices in graph (V’,E’): 2k V

Number of edges in graph (V’,E’): 2k E

Dijkstra’s algorithm, with binary heap: E’ log V’ = 2k E log(2k V) = 2k E (k+log V)

14
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A brand new advanced extension
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Shortest Cycle Through Specified Elements

⇤

Andreas Björklund† Thore Husfeldt‡ Nina Taslaman§

July 11, 2011

Abstract

We give a randomized algorithm that finds a shortest simple cycle
through a given set of k vertices or edges in an n-vertex undirected
graph in time 2knO(1).

In 1898 Lewis Carroll challenged the puzzle-minded readers of Vanity
Fair to find a “word chain” turning tears into smile like this:

tears� sears� stars� stare� stale� stile� smile .

In the following weeks the readers were asked to change black into white,
grass into green, furies into barrel, etc. — according to Gardner, the com-
petition became quite the craze. Today, arbitrary instances of Carroll’s
game of Doublets, while pleasantly taxing to the unassisted and idle human
mind, are easily solved by anyone endowed with a word list, a computing
machine, and basic knowledge of graph algorithms, “no more than a step
above dynamiting a trout stream.”1

A puzzle more suitable to the algorithmic age festoons the border of this
page: turning tears into smile, but passing through the intervening emotions
of dread, gloom, guilt, pride, shame, spite, and worry, without reusing any
word along the chain. The underlying graph is the Stanford Graph Base list
of 5757 words of 5 letters described in [13]. To the best knowledge of the
authors, no e�cient algorithm for this problem was known, so the digital
computer has had no qualitative advantage over the readership of Vanity
Fair.
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⇤

This research was supported in part by the Swedish Research Council, project “Exact

Algorithms”

†

Lund University, Sweden.

‡

Lund University, Sweden, and IT University of Copenhagen, Denmark.

§

IT University of Copenhagen, Denmark.

1
References for the quote by George Brewster, Carroll’s book about Doublets, and

Gardner’s article in Scientific American can by found in [13].
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Case 4: Fall-down

Some kind of “fastest path” problem. 
But where is the graph?

Model:
Vertex = (position, speed)
Edge = from vertex (position,speed) to vertex 
(position + speed*timestep, speed+ acceleration), 
assuming no walls are in the way.

Choosing an edge:
Acceleration controlled by player (left-right) and 
gravity (down if position is over hole).
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Remarks

1) In hand-in 5 you will need to use similar ideas.
2) Knowledge of algorithms can make you world record holder.
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